Kerr-type nonlinearities form the basis for our physical understanding of nonlinear optical phenomena in condensed matter, such as self-focusing, solitary waves, and wave mixing 1-3 .
When solid dielectrics are exposed to an intense infrared laser field, the quasi-instantaneous interband polarization associated with the Kerr effect 1 is accompanied by electron injection into the conduction band near the peaks of the oscillating laser field via strong-field ionization 11, 12 (step 1 in Fig. 1 ). After subsequent laser-driven acceleration of the electron in the conduction band (step 2), interband recombination with the hole left behind (step 3) can lead to the emission of high-harmonics of the driving field 13, 14 , in analogy to high-harmonic-generation (HHG) in the gas phase 15, 16 . The non-parabolic landscape of the valence and conduction bands along which electrons and holes are driven by the laser field in step 2 can give rise to an additional intraband contribution to the nonlinear response that has no equivalent in atomic HHG 5, 6, 17 . The sensitivity of the inter-and intraband mechanisms to the band structure and crystal orientation with respect to the laser polarization has turned high harmonic spectroscopy into an important new tool for optical characterization of the electronic structure and dynamics of solids 4, [17] [18] [19] .
Besides contributions from intraband currents and interband recombination that dominate HHG in dielectric solids, the sub-cycle dynamics of the injection of valence electrons into the conduction band in step 1 can lead to harmonics as well, as suggested by Brunel 8 in the context of HHG in the gas phase. Brunel considered a stepwise injection of electrons into the continuum via tunnel ionization, with one step at the peak of each laser half cycle, and studied the low-order harmonic emission associated with the interaction of this temporally modulated electron population with the laser field. Despite the well-known impact of sub-cycle ionization dynamics on the absorption of intense laser pulses in gases 20 and solids 12, 21 , the role of injection-induced nonlinearities in the wave mixing inside solids remains essentially unknown, though a pioneering experiment Figure 1 : Schematic description of harmonic generation in solids. The strong-field induced electron dynamics can be divided into three major phases. It begins with interband excitation of electrons from the valence to the conduction band via strong-field ionization (step 1) followed by laser field-driven intraband motion of the excited electron in the conduction band and the remaining hole in the valence band (step 2), and can finally lead to interband recombination of the electron with the hole (step 3). Each of these steps is associated with distinct nonlinearities that contribute to the harmonic emission (as indicated). Our work demonstrates the dominant contribution of the injection step for the emission of low-order harmonics from amorphous wide-bandgap dielectrics for laser intensities close to the damage threshold.
provided indications for their significance 7 . Of particular interest is the relative impact of such nonlinearities compared to all other contributions including the Kerr response. Here we present time-resolved, two-color wave mixing experiments that provide evidence for the dominance of injection-induced low-order harmonic emission at intensities near the material damage threshold.
Most importantly, our results expose the underlying mechanism and show that the corresponding nonlinear response does not reflect the conventional Brunel contribution but stems from the so far overlooked contribution of the injection current. The resulting nonlinear polarization is associated with the charge displacement resulting from the strong-field induced interband excitation process itself, in analogy to the current resulting from tunneling in a low-frequency laser field 20 .
In the experiment, an intense mid-IR pump laser pulse (λ pump = 2.1 µm) and a weak, timedelayed NIR probe laser pulse (λ probe = 800 nm) were focused into a thin fused silica plate (0.5 mm thickness, 7.7 eV bandgap) using a close-to-collinear pump-probe geometry (Fig. 2a) .
The resulting low-order harmonic emission in the visible and ultra-violet wavelength range was recorded as a function of the pump-probe delay. In the region of pump-probe overlap, intense harmonic emission was observed at frequencies described by
where n = 1, 2, 3, 4 characterizes the order of the wave mixing (see Fig 2b) . As all harmonics lie well below the bandgap, we immediately rule out interband recombination as a possible source of the detected radiation.
Additional experiments were performed to distinguish the contributions of all other remain- Note that similar spectrograms were also recorded for perpendicularly polarized pulses.
ing mechanisms to the nonlinear response. The formation of harmonics from intraband currents relies on the anharmonicity of the valence and conduction bands of the sample including their structural anisotropies 22 . To analyze corresponding crystal orientation effects, the experiments were repeated in Y-cut crystalline quartz samples. From the observation that the two-color harmonic emission from the crystalline target shows no pronounced orientation dependence (Fig. 3a) , as in the case of the amorphous sample, we conclude that the observed harmonics do not arise from field-driven intraband currents.
Next, to explore the possible origin of the observed harmonics in Kerr-type nonlinear polarization we developed an approach to estimate the effective order of the underlying nonlinearity.
We consider an effective nonlinear polarization
that follows the instantaneous electric field E according to a power law with an effective order m = 2µ + 1 and an associated effective nonlinear susceptibility χ (m) . As derived in the Supplementary Information, within this model the nonlinearity can be characterized without measuring the intensity dependence of the harmonic emission. Instead, the effective order m is fully determined by the ratio of the yield of the two-color harmonic emission observed with parallel (I ) and perpendicular (I ⊥ ) pump and probe polarizations. The relation m 2 = I /I ⊥ follows for wave mixing processes that involve, as realized in our experiment, only a single probe photon.
The measured ratio I /I ⊥ reveals a swift growth of the effective order with pump intensity (see Fig. 3b ). Departing from an order corresponding to a Kerr response with m = 3 that increases As interband, intraband and Kerr-type nonlinearities have been excluded as dominant sources of the harmonics, we finally examine whether an injection-driven nonlinearity can explain the observations. We model the harmonic signal from both the sub-cycle dynamics of electron transfer to the conduction band via strong-field interband excitation and the subsequent acceleration, neglecting effective mass effects and assuming a parabolic conduction band to eliminate contributions from band anharmonicities and Bloch oscillations due to reflections at zone boundaries. The resulting emitted field is proportional to the time-derivative of the associated current densitẏ
where E is the driving laser field, q e = −e is the electron charge, m e the mass. Further, ρ is the density of electrons in the conduction band (normalized to the molecular density n 0 ), which depends on the sub-cycle injection rate according toρ = Γ(|E|), and v 0 and x 0 are the birth velocity and the spatial displacement of the electrons after being promoted from the valence into the conduction band.
The current considered in Eq. (3) has been discussed in the context of strong-field induced absorption 20 and contains a sum of three contributions. The first term describes the acceleration of conduction band electrons by the laser field as described by Brunel and creates a nonlinearity only if the electron density is rapidly modulated by ionization 8 . The second term describes a current due to the appearance of electrons in the conduction band with finite initial velocity and is negligibly small in our experiments due to the low photon energy of the pump beam. The third term describes a time-dependent injection current that is associated with the promotion of the electrons from the valence to the conduction band itself. In a quasistatic tunneling picture, this third term can be interpreted as the current through the potential barrier resulting from the combination of the Coulomb and laser fields. This current is also fundamental to maintain energy conservation, as the energy needed to realize the interband excitation process must appear as a loss in the field energy density u throughu = −J · E. In optical tunneling, energy conservation is fulfilled when this current reflects a spatial displacement of the electrons by x 0 = E E g /(q e E 2 ), i.e. a displacement due to electron transport to the classical tunnel exit 20 . Despite its relevance to energy conservation, this injection current J = x 0ρ has so far not been considered as a source of nonlinearity leading to harmonic emission.
To analyze the impact of the injection-induced nonlinearities described by Eq. (3) we simulate the emitted field for the experimental pulse parameters using an instantaneous AmmosovDelone-Krainov (ADK) tunneling rate 23 and including the acceleration termJ Kerr =P Kerr , where P Kerr is the conventional nonlinear Kerr polarization for SiO 2 as described by Eq. (2) using m = 3 (see Supplementary Information). To avoid ambiguity, no empirical terms beyond the well-known χ (3) response for SiO 2 were included. The predicted effective order of the two-color harmonic emission is determined as in the experiment from the ratio I || /I ⊥ and reproduces the experimentally observed rapid growth for intensities beyond 8 TWcm −2 in Fig. 3b . We thus conclude that the injection-current induced nonlinearities are the source of the wave mixing signal observed in the high intensity range. We emphasize that our simplified model does not contain free adjustable parameters.
Besides the identification of the leading role of ionization-induced nonlinearities, a comparison of the contributions from the first and third terms in Eq. (3) The main result of our study is the identification of the injection current as the source of a so far essentially overlooked but dominant nonlinearity for low-order wave mixing in solid dielectrics under the influence of strong fields. The fact that the associated nonlinear polarization exceeds the magnitude of the low-order Kerr-response makes the inclusion of the injection current imperative in all simulations of nonlinear pulse propagation for field intensities near the damage threshold.
Because of its sensitivity to the evolution of the ionization rate with field intensity, measurements 
